Multilayer network is a frontier direction of network science research. In this paper, the cluster ring network is extended to a two-layer network model, and the inner structures of the cluster blocks are random, small world or scale-free. We study the influence of network scale, the interlayer linking weight and interlayer linking fraction on synchronizability. It is found that the synchronizability of the two-layer cluster ring network decreases with the increase of network size. There is an optimum value of the interlayer linking weight in the two-layer cluster ring network, which makes the synchronizability of the network reach the optimum. When the interlayer linking weight and the interlayer linking fraction are very small, the change of them will affect the synchronizability.
Introduction
Complex networks are ubiquitous in the world, such as power and transportation networks, biological networks, economic and financial networks, and social networks. The study of complex networks in many disciplines has allowed us to better understand a myriad of complex phenomena, including the spread of disease on networks of human contacts, the functioning of intricate biological pathways, and gene circuits, as well as to provide theoretical support for engineers to control or optimize artificial interacting systems [1]- [6] . In the past 20 years, the synchronization problem of complex networks has attracted more and more attention from various disciplines [7] - [12] and has achieved many important research results. However, as the research deepens, people realize that many real-world networks do not exist in isolation. They are interrelated and constitute a larger and complex system called multilayer network. Examples works, and analyzed the synchronization of two-layer networks composed of two randomly generated network layers with different interlayer node connection modes. It is found that the interlayer linking weight and the interlayer linking fraction have a profound influence on the synchronization of duplex networks [13] - [19] .
Based on the above research, this paper extends the single-layer cluster ring networks studied by Lu et al. to a two-layer network model. In this paper, a two-layer cluster ring network model is proposed to study the effect of the change of the interlayer linking weight and linking fraction on the synchronizability of the two-layer cluster ring networks, and explores the change of synchronizability as the cluster blocks and nodes within the cluster blocks change. This paper is organized as follows. Section 2 briefly introduces the master stability function (MSF) approach and network models used in this paper. Section 3 discusses how the route to synchronizability is affected by changing the network size for the complex cluster ring networks. Section 4 describes the relationship between the synchronizability and the interlayer linking weight and linking fraction. Finally, concluding comments are given in Section 5.
The Model of Two-Layer Cluster Ring Network
Cluster ring network refers to a network that connects m cluster blocks into a ring [15] (which can be random, small world or scale-free network [14] in the cluster block). In this paper, we discuss the two-layer network with each layer x (the i-th node in the α-th layer) can be described by the following differential equation [18] :
where
is the state vector of the i-th node in the α-th layer, : α ℜ → ℜ 
Corresponding to a network, the eigenvalues of Laplacian matrices are very important for studying network dynamics. A Laplacian matrix of a multilayer network is called a super-Laplacian matrix £ , it can be decomposed into two parts: the intralayer super-Laplacian matrix £ L and the interlayer super-Laplacian matrix £ I [19] :
As for £ L , it can be represented by the direct sum of the Laplacian matrix within each layer, namely, 
where α a is the intralayer linking weight in the α-layer. 
For a two-layer network with N nodes per layer, the super-Laplacian matrix is ( )
where ω is the interlayer linking weight, 1 a and 2 a are the intralayer linking weight in the first and second layers, respectively. 
Scale Variability of Synchronizability
Consider a general complex cluster network with m clusters, where each cluster contains n nodes and all clusters arrange into a ring. The linking between neighboring clusters is specific intercluster linking, involving selecting a specific node from each cluster. The cluster block is composed of random, small world or scale-free structures. In this paper, we discuss the change of synchronizability of two-layer cluster ring network when the network size increases. The increase in the size of the network can be divided into two situations: the first case is to keep the cluster block of the two-layer cluster ring network unchanged ( ) and increase the number of nodes in each block (n from 10 to 100), the numerical simulation results are shown in Figure 2 . The second case is to keep the number of nodes within each block unchanged ( )
, and increases the number of blocks of cluster rings (m from 10 to 100 ), the numerical simulation results are shown in Figure 3 . In each experiment, we take the average of the results of 50 tests, 2 λ and 2 λ λ = N R will be used to investigate the scalability of network synchronizability in this paper. . Blue circular curves (BA-BA): the internal structure of the cluster blocks in the two-layer cluster ring network is scale-free; green diamond curves (ER-ER): the internal structure of the cluster blocks in the two-layer cluster ring network is random; red star curves (WS-WS): the internal structure of the cluster blocks in the two-layer cluster ring network is small-world. . Blue circular curves (BA-BA): the internal structure of the cluster blocks in the two-layer cluster ring network is scale-free; green diamond curves (ER-ER): the internal structure of the cluster blocks in the two-layer cluster ring network is random; red star curves (WS-WS): the internal structure of the cluster blocks in the two-layer cluster ring network is small-world.
[15] have the same simulation results in terms of the scalability of synchronizability. Whether it is a cluster ring network with a fixed number of clusters or a cluster ring network with a fixed number of nodes in the cluster are not scalable with respect to synchronizability. The synchronizability is basically independent of the random, small world, and scale-free structure inside the cluster block, and the synchronizability is sensitive to the changes in networks size (the change of cluster blocks and nodes in cluster blocks).
Influence of Network Structure Parameters on Synchronizability
We consider the impact of the interlayer linking weight and interlayer linking fraction on synchronizability of two-layer cluster ring network. 
Synchronizability versus Interlayer Linking Weight
First, we consider the impact of the interlayer linking weight on network synchronizability. We assume that the interlayer linking fraction 1 γ = , that is, every node in one layer is linked to its counterpart in the other layer. The interlayer linking weight ω is varied from 0.0002 to 2.002. The simulation results are shown in Figure 4 . Blue circular curves (BA-BA): the internal structure of the cluster blocks in the two-layer cluster ring network is scale-free; green diamond curves (ER-ER): the internal structure of the cluster blocks in the two-layer cluster ring network is random; red star curves (WS-WS): the internal structure of the cluster blocks in the two-layer cluster ring network is small-world. λ increases first and then remains stable, the log-eigenratio 2 log R is significantly reduce and then slowly increase. There is an optimal the interlayer linking weight value to optimize the network synchronizability. Whether the cluster ring is random, small world or scale-free, the synchronizability changes with the same trend.
Synchronizability versus Interlayer Linking Fraction
Now, we explore the effect of interlayer linking fraction on synchronizability. 
Phase Diagrams for Synchronizability
Phase diagrams for 2 λ and Blue circular curves (BA-BA): the internal structure of the cluster blocks in the two-layer cluster ring network is scale-free; green diamond curves (ER-ER): the internal structure of the cluster blocks in the two-layer cluster ring network is random; red star curves (WS-WS): the internal structure of the cluster blocks in the two-layer cluster ring network is small-world. synchronizability of two-layer cluter ring networks, for the three different two-layer network models. ω takes a change between 0.0002 and 0.02, and γ takes a change from 0.01 to 1. BA-cluster ring network denotes that the internal structure of the cluster blocks in the two-layer cluster ring network is scale-free. ER-cluster ring network denotes that the internal structure of the cluster blocks in the two-layer cluster ring network is random. WS-cluster ring network denotes that the internal structure of the cluster blocks in the two-layer cluster ring network is small-world. ) is slightly larger, ω is getting bigger and bigger, and the synchronizability is not affected by ω .
As shown in Figures 8-11 , the effects of varying ω and γ on the two-layer WS-cluster ring and the two-layer ER-cluster ring tend to be consistent with the two-layer BA-cluster ring. The simulation results are consistent with the simulation results of two-layer BA-cluster ring.
Conclusion
In this paper, a two-layer cluster ring network model is established. Through a large number of simulation experiments, the effects of two-layer cluster ring network size variation, interlayer linking weight and interlayer linking fraction change on synchronizability are studied. The experimental results show that such networks are not scalable with respect to synchronizability. Network synchronizability decreases with increasing network size for any cluster structures. Also, the interlayer linking weight and interlayer linking fraction has a significant influence on the network synchronizability. There is an optimum value of the interlayer linking weight in the network, which makes the synchronizability of the network reach the optimum. ω is maintained very small; synchronizability is greatly affected by γ , and the synchronizability of the network will increase as γ increases. When ω is slightly larger, γ is getting bigger and bigger, and the synchronizability is not affected by γ . γ is maintained very small, synchronizability is greatly affected by ω , and the synchronizability of the network will increase as ω increases. When γ is slightly larger, ω is getting bigger and bigger, and the synchronizability is not affected by ω . The smaller interlayer linking weight and the smaller interlayer linking fraction will affect the synchronizability of the two-layer cluster ring network.
